Abstract-The uplink where both the transmitter and receiver can use a large antenna array is studied, proposed as a method of antenna offloading (active relay) and connecting small cell access points (SCAP) in a Two-Tier cellular network. Due to having a limited number of RF-chains, hybrid beamformers are designed where phase-only processing is done at the RF-band, followed by traditional digital processing at the baseband. For the receiver, a row combiner that clusters groups of antenna elements sufficiently correlated, and compared against a random projection scheme that follows a Discrete Fourier Transform matrix structure. The analogue to the row combiner is a column spreader which is dependent on the transmit correlation and repeats the transmitted signal over antenna elements that are correlated. A key benefit of this approach is to reduce the number of phase shifters used. When only the transmitter has correlation and RFchain limited, the baseband precoding vectors are the eigenvectors of the effective transmit correlation matrix. Depending on the correlation levels, this matrix can be approximated to have a tridiagonal Toeplitz structure. The eigenvalues and associated eigenvectors have a closed form solution, which leads to simplified calculation of the sum rate and precoding vectors.
I. I
In a Massive MIMO system we can have links with a large number of antenna elements at the base station(BS), and a relatively small number at the user equipment (UE) as a result of size and power constraints. Within the context of LTE rel 10 [1] it has already been proposed to use relays as a method of coverage extension, also proposing increasing the number of antennas at the BS to 8 while considering class of UE with up to 4 antennas. More recently, Rel 13 proposed employing up to 64 antennas at the BS [2] . However we can also significantly improve the link capacity by including a large number of antennas close to the terminal, and then focusing on the first link between the BS and the active relay (i.e. an advanced UE). This is a N r × N t MIMO link where both N r and N t are large and different scenarios for the deployment of this advanced UE are possible. Within a small cell network, one possible application is to form a wireless backhaul [3] - [4] that ensures connectivity for all access points (SCAP), without the need of installing dedicated optical lines. In order to realize this, work must be done on characterizing the performance of devices which have more advanced capabilities than the traditional user equipment that typically use a single antenna.
There needs to changes made to the hardware architecture if we are to implement transceivers with ∼100 antenna elements since it may not be economically feasible to have an individual RF-chain for each antenna element. The RF-chain is responsible for converting the received modulated signal to the baseband (BB) and sampling it appropriately so that the received analog signal is converted to a digital signal and allows for standard digital signal processing (DSP) methods to be applied for symbol detection. The limited RF-chain problem Possible scenarios for Massive MIMO deployment in Two-Tier Cellular Networks results in the design of a RF-band processing matrix that is in cascade with the baseband matrix. Due to implementation constraints, the RF-band matrix is considered to consist of phase only elements, each with equal magnitude and implemented by variable phase shifters. One approach is to select a specific set of antennas which equals the number of RF-chains available and then proceed to design the digital pre/postcoder. The antenna selection problem results in searching over all possible combinations that maximizes some utility function. When there are a large number of antenna elements to choose from, an exhaustive search is not possible and heuristic methods can be applied, such as looking at the effect of adding an antenna to the channel capacity formula [5] and iteratively choosing antennas which gives the highest increase. Within the context of spatial beamforming, adaptive nulling with no amplitude control has been considered in [6] and related works. Equal gain combining is a form of phase only processing, which is shown to approach the performance of the MF without the need of amplitude control. Several recent papers considered the approach of minimizing the Frobenius norm of the error matrix with respect to the fully digital solution [7] . In [8] and related works, a Discrete Fourier Transform (DFT) matrix is considered for the RF-processing stage due to its relative ease of implementation and simplifying the precoder/postcoder design problem. Similarly in [9] , rather than jointly designing the RF and baseband filters, the baseband filter is designed first and the RF filter is calculated using an iterative algorithm. Other works has interpreted the limited RF-chain system in relation to an antenna switch architecture [10] , which allows to have zero elements within the RF-band matrix. Going along this line of reasoning, a simple channel combiner is proposed for the RF-processing stage to take advantage of the channel correlation in order to get additional diversity gains and is compared against the DFT matrix.
Macro BS
The contributions of this paper are as follows. For the limited RF-chain system, equal gain combining is shown to null the inter-user interference when there is an asymptotically large number of antenna elements. A simple row combiner is proposed which relaxes the constraint of fixed gain phase-only elements at the RF band to allow zero gain and reduces the number of phase shifters required. When the transmitter is RF-chain limited, the same signal is repeated over transmit antenna elements which are sufficiently correlated, while the receiver performs an analogue of this by simply combining the received signal of correlated receive antenna elements together. It is also observed that as correlation is introduced, there are diminishing returns with respect to the sum rate as the number of RF-chains is increased.
A. Background and Notation
Let N t be the number of antenna elements and L t the number of RF-chains at the transmitter. The precoding matrix is the cascade of the RF and BB matrix
where H is used to denote the Hermitian of a matrix. The traditional approach to limited RF-chain systems is to select a subset of antenna elements and results in the RF filter being all zeros except at the index of the antenna elements selected. An example of the RF filter is given in eq. 2 for which signal from antenna elements with index 1,5,7 are chosen when the number of RF-chains is 3
where e i is a column vector which is zero everywhere except at the i-th index where it contains a 1. For the case where W RF allows phase only elements of the form e jφm,n , each RF-chain has associated with it N r variable phase shifters with which to weight the received signal. 
II. S M
Consider a single cell where a user is transmitting with N t < N r antenna elements under flat fading conditions. The received signal can be written as
where H is the channel gain matrix. Under the Kronecker model for correlation, the channel gain matrix can be modeled as R
t , while n is additive white Gaussian noise. G is a N r × N t matrix whose elements are i.i.d. and follow distribution CN (0, 1/N r ) and R
R r and R t are the correlation at the receiver and transmitter, respectively, with size N r × N r and N t × N t The transmitted vector symbol x is given by
where s is the L t × 1 information symbol vector to be transmitted. Normalized precoding is employed to ensure the average transmit power constraint E[||x|| 2 ] ≤ P is satisfied.
III. D H B

A. Limited RF-chain at Receiver only, L r ≤ N r
For an asymptotically large number of antenna elements at the receiver, the MF would maximize the desired signals SNR while at the same time suppress the inter-stream interference, assuming no correlation. When there is RF-processing involved, care must be taken with respect the impact of noise coloring as it may further complicate the processing required at the baseband. One natural choice for the RF filter is to take the phase of each element in H and form arg (H)
H . For the i-th transmitted stream, the SNR can be found by writing out
n being the effective noise with variance ||w i || 2 . Taking the power of the desired signal and dividing it by power of the interference plus noise. Using the weak law of large numbers, we can approximate each term as follows
and therefore applying the EGC at the receiver with an asymptotically large number of receive antenna elements results in suppressing the inter-stream interference and with similar reasoning the noise can be treated as still being white with power E[|ñ i | 2 ] = N r . The SNR is then given by
Additionally, it follows that the noise correlation matrix is given by W H RF W RF → N r I Lr . In practice, for the values of N r considered further processing is required at the baseband, and in some instances a nose whitening filter is needed too. One straightforward proposal for the digital baseband filter to simply invert the effective channel [11] , hence the received filter can be written as follows
Now consider the case where there is correlation at the receiver side. The correlation is induced amongst the elements of the columns of H, hence the RF filter at the receiver side must appropriately combine the rows. In the extreme case when there are disjoint groups of highly correlated rows, each group would be added together constructively while ignoring the other rows. Even for moderate to high values of α r , R r would have a sparse structure for large N r assuming the model in [12] . This leads to the idea of using a simple row combiner at RF filter, given by
and assumes N r = KL r . The parameter K can be interpreted as a correlation interval of the antenna array, where for a fixed N r a higher K would lead to supporting fewer independent streams that will be decoded at the baseband. Assuming the number of transmitted streams is equal to the number of RF-chains, this leads to an architecture where all the diversity gain is achieved at the RF band, and the baseband is responsible for the multiplexing gain. Typically correlation arises due to antenna spacing constraints, and as a general rule of thumb half wavelength spacing is used. It is interesting to study what the benefit, if any, will arise from using a large number of antenna elements at the cost of incurring additional correlation. Ideally, there would L r disjoint sets of antenna elements which undergoes RF processing. One specific case of this corresponds to antenna selection, wherein each set only contains one antenna element and the baseband would perform the traditional MIMO techniques. This leads to limited performance gains as compared to employing phase only processing as will be seen in the performance analysis section. For simplicity, taking N r to be fixed and α r to be a parameter of the environment, the strategy would be use an appropriate value for K which in determines the number of independent streams to support. Similar papers have considered dynamically allocating the number of RF-chains for limited RF-chain system. Since α r is limited to take on values between 0 and 1, one choice for K can be obtained by ensuring the condition
holds. For one cluster of antenna elements, this is the correlation between the center element and edge element of the adjacent cluster. The smallest K which satisfies this constraint is denoted by K c and can be calculated by
A conservative value of ǫ can be 0.1, which for practical purposes can correspond to being uncorrelated. For a system which has parameter values of N r = 256 and α r = 0.8 yields a value of K = 8, which results in L r = 32 and the resolvable number of transmit streams is min (L r , N t ). Fixing the number of receive antenna elements to be N r , the capacity of the system can firstly be improved by N t , but it is known that there is diminishing returns as N t approaches N r . The base case is taken to be when N t = N r , which corresponds to both the transmitter and receiver having full flexibility and not limited by the number of RF-chains. Using the relation in eq. 12 as a design principle results in reducing the number of RF-chains that would be utilized at the receiver at the cost of lower capacity. However, at high SNR the performance gap between the limited RF-chain system and traditional system was observed to shrink. This is due to the correlation at the receiver causing the first set of eigenvalues to be more dominant, hence at high SNR the smaller eigenvalues contribute less to the overall sum.
B. Limited RF-chains at Transmitter
Now suppose there is only correlation at the transmitter side. The strategy is similar to what was done for the receiver in the prior section. The channel gain matrix can be written as
which induces a correlation amongst the elements of each row. Geometrically, the columns of H which are adjacent can be taken to have the same orientation, depending on the correlation parameter α t being sufficiently large enough and vice versa. Taking the extreme case to be clusters of the columns of H are perfectly correlated while inter-cluster elements have no correlation, the transmitter would repeat the signal over each element that is in the same cluster. Therefore, the transmit RF filter is given by
where W RF is given by eq. 10, and can be seen as performing the analogue task of spreading the signal over a sufficiently correlated portion of the channel. Assuming the Kronecker model where the correlation caused at the receiver is independent to the correlation at the transmitter, W RF and V RF can be used in tandem when both the transmitter and receiver are limited by the number of RF-chains. Ideally, depending on the channel gains the power of each repeated transmitted signal in one cluster can be controlled. However, this is not possible due to the constraint imposed by eq. 1. A possible improvement is rather than simply adding up, to multiply each column by a phase such that the cluster of columns can be interpreted to be oriented to be in the same general direction. For two vectors h 1 and h 2 , the problem is finding the phase φ such that the norm of h 1 + h 2 e jφ is maximized,
where ℜ denotes the real part and is achieved by letting φ be the phase of h H 2 h 1 . For a general number of vectors there is no straightforward way to calculate the phases in one go. Instead we can calculate them iteratively by taking resulting vector, redo the calculation with it and h 3 and so on. As with equal gain combining, combining with phase-only constraints can lead to performance degradation in instances where the norm of one vector is low due to the corresponding antenna element being in deep fade but has the same noise contribution. However, there is also the issue of interference from adjacent antenna elements that is not part of the formed cluster, hence this scheme is more suited for full diversity gains. In [13] , a similar problem is considered where the phase-only combining vector is designed by first calculating the vector with elements of varying amplitude, taking the phase of each element and seeing which subset of phases maximizes the normalized inner product with the prior vector. This constraint arises in our case due to fixed transmit power, and affects the resulting SNR.
When there is no correlation at the receiver, the effective correlation at the baseband is given bỹ
In [14] , it was shown that to maximize the average SNR with transmit correlation, the precoding vector should be the eigenvectors of R t . When the receiver has a large number of receive antenna elements, this in fact leads to maximizing the instantaneous SNR, as will be shown. Suppose a single stream is to be transmitted, the received signal can be written as
The matched filter maximizes the SNR, and for a fixed total transmit power is
where eq. 19 follows from applying the weak law of large numbers. Hence it follows that v BB is the eigenvector corresponding to the maximum eigenvalue of R t , and for multiple streams the eigenvectors of R t can be used since they are orthogonal. Assuming a uniform linear array and the correlation between the i, j-th transmit antenna element pair to be given by α
as in [12] , the elements of R t can be written as
Depending on the choice of K c ,R t can be approximated as a symmetric tridiagonal Toeplitz matrix, for which the eigenvalues and eigenvectors are well known [15] . Letting a =R t (1, 1) and b =R t (1, 2), the i-th eigenvalue is
and associated eigenvector
where i = 1, .., L t and v i is a column vector. The sum rate is then given by
which can be further optimized by employing the well known waterfilling algorithm for a fixed total power constraint [16] . In the high SNR regime, equal power allocation suffices and the gain from employing waterfilling was observed to be minimal in simulation.
IV. P A
From the data processing inequality, it follows that employing an RF-filter at either the transmitter or receiver can at best not degrade the capacity when either is RF-chain limited. First only the transmit side is considered to have correlation and be RF-chain limited. The effective channel is denoted bỹ
and the capacity is calculated by
where |·| denotes the determinant and Q is the transmit source correlation matrix with trace constraint Tr (Q) ≤ P . The two RF filters are the column spreader (CS) defined in eq. 14 and a random projection where the phase elements follow the structure of a DFT matrix. While the latter method requires no knowledge of channel correlation at the transmitter side, it requires having N t L t phase shifters, while the former only requires at most N t if the relative phase within each antenna element clusters are controlled. If the relative phases between clusters is controlled, then this number can be reduced to L t , while if no control is required at all only 1 phase shifter is used at the RF stage to act as a reference signal. Under the assumption that we operate under full multiplexing gain, i.e. the number of independent transmit streams equals number of RF-chains. In this case it becomes important to dynamically allocate the number of RFchains depending on the level of channel correlation, and was discussed in [8] . Fixing the transmit power to P = 20 dB, Fig.   4 shows the sum rate obtained using the CS filter from both simulation and numerical approximation given by combining eq. 22 and eq. 24. As K increases, fewer RF-chains are being utilized and the decrease in capacity appears to be linear. However, it is important to note that the percentage drop of Rfchains used is significant. Additionally, for relatively high SNR the approximation yields an upper bound on the capacity, and having a higher correlation leads to better performance. Under Effect of varying number of RF-chains when transmitter has correlation for fixed transmit power and correlation using CS filter moderate channel correlation at the transmitter, as in Fig. 3 , the column spreader performs as well as applying a random DFT projection, and does better when 50% of the RF-chains are available. However, when the correlation is increased, there is added benefit in using the CS RF filter. In fact, despite the decrease in overall capacity (L t = N t ) in Fig. 5 , the performance using a lower number of RF-chains (L t = 32, 16) for the CS filter has increased when compared to Fig. 3 .
Rather than optimizing over the number of L t , K c can be calculated using the heuristic rule according to eq. 12. Additionally, it can be observed that just increasing the number of RF-chains leads to diminishing returns with respect to the sum rate. When the receiver is also RF-chain limited, the receive RF filter is W H RF = V H RF . The capacity is calculated by taking the effective channel to beH = V H RF HV H RF , and modifying the noise covariance matrix to be I L , where it has been assumed L r = L t . Reducing the correlation at the transmitter compared to that of Fig. 5 , but introducing correlation at receiver, it can be seen in Fig. 6 that for L t = 32 with the CS filter performs as good as the DFT filter that has L t = 64.
V. C
In order to meet the growing the data demands, two-tier networks have been proposed as a solution. The drawback of this approach is the infrastructure required to support the network, such as optical backhaul, may not be feasible to install. Instead, a wireless backhaul can be designed, which does not have the typical constraints of a mobile user. Hence the scenario where both the transmitter and receiver can use a large number of antenna elements was considered. It was shown that when the only the transmitter is RF-chain limited and has channel correlation (for the uplink the receiver is the BS), the receiver can use the matched filter to form an effective channel that is the transmit correlation matrix. This reduces the feedback overhead required for precoding. Additionally, the proposed RF-filter uses the correlation to form clusters of sufficiently correlated antenna elements. The transmitter is responsible for the spreading the signal while the receiver performs the opposite and combines the signal, and was shown to achieve similar performance to applying random DFT projection, while using less phase shifters. However, using the column spreader also leads to the advantage of the effective correlation matrix being tridiagonal Toeplitz, which facilitates calculating the precoding vectors and power allocation.
